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Abstract
We consider a quantum cosmology with a massless background scalar
eld B and adopt a wave packet as the wave function. This wave packet
is a superposition of the WKB form wave functions, each of which has
a denite momentum of the scalar eld B. In this model it is shown
that to trace the formalism of the WKB time is seriously dicult without
introducing a complex value for a time. We dene a semiclassical real time
variable TP from the phase of the wave packet and calculate it explicitly.
We nd that, when a quantum matter eld Q is coupled to the system,
an approximate Schro¨dinger equation for Q holds with respect to TP in a





The notion of time is one of the most serious problems in quantum cosmology:[1]
Though this is still controversial, many attempts have been done recently. One
of them is to utilize the semiclassical approximation. Banks and others assumed
that the solution to the Wheeler-DeWitt equation has the form of the WKB
approximation, namely ΨWKB = e
i
h
S0 , where S0 is the Hamilton’s principal
function, and they introduced a time variable TW , using S0 :[2]−[13] They showed
that , when a quantum matter eld Q is coupled to the system, its wave function
satises the Schro¨dinger equation with respect to TW in the region where the
semiclassical approximation is well justied.
It has not yet been claried how the classical universe emerged from the
quantum universe. However, it seems probable to assume that the wave function
of the universe forms a narrow wave packet in the classical region. In this paper
we will consider a quantum cosmology with a massless background scalar eld
B and adopt a wave packet with respect to B as the wave function. This wave
packet is a superposition of the WKB form wave functions, each of which has a
denite momentum  of the scalar eld B . Thus, it is expected that the packet
tends to a classical orbital motion in the classical region. In this model rst we
will show that it is seriously dicult to trace the formalism of the WKB time and
to dene a time variable for the Schro¨dinger equation of Q without introducing
a complex value for a time.
Several years ago Greensite and Padmanabhan advocated a time variable TE
by requiring that the Ehrenfest principle holds with respect to TE :[14][15] If this
Ehrenfest time TE exists, this is proportional to another time variable, a phase
time, which is derived from the phase of an arbitrary solution to the Wheeler-
DeWitt equation. However, recently Brotz and Kiefer showed that the Ehrenfest
time TE does not always exist, since the constraints on TE is considerably severe:[16]
On the contrary it is possible to dene a phase time which is real, as long as the
phase of the wave function is not constant.
We will introduce a real background phase time TP and calculate it explicitly
2
when the width  of the wave packet is narrow and the size a of the universe is
large. The phase time TP will be compared to TW which is derived by a WKB
form wave function with a momentum 0 where the wave packet has a peak. It
will be shown that TP is a smooth extension of TW and they become identical
in the narrow limit of the wave packet. It is important to examine whether an
expected dynamical equation that is a Schro¨dinger equation for Q with respect
to TP can be derived. We will nd that an approximate Schro¨dinger equation for
Q holds with respect to TP in a region where the size a of the universe is large
and jBj is small.
In x2 we rst review the WKB approximation and TW , and we construct a
wave packet from WKB wave functions. Next we show that it is seriously dicult
to trace the formalism of the WKB time and to dene a time variable.
In x3 we introduce a background phase time TP , calculate its explicit form
and compare it with TW .
In x4 we examine whether an approximate Schro¨dinger equation for Q can
be derived.
We summarize in x5, and the appendix is devoted for the detailed estimation
of the approximations used in x2 and x3.
2 Wave Packet and Diculty in Denition of
Time
We consider the following minisuperspace model in (n+1)-dimensional space-time
:[17] Though n = 3 in reality, we calculate in the more general case. The metric
is assumed to be ds2 = −N2(t)dt2 + a2(t)dΩ2n ; where dΩ
2
n is the flat metric. We
take a massless background scalar eld B(t) and a quantum matter eld Q(t) .

































Here HQ(a; B; Q) is the Hamiltonian constraint for the quantum matter eld
Q; poo is a parameter of operator ordering,  is a cosmological constant, vn is
the spatial volume, and we assume that vn is some properly xed nite constant.
In order to look for a WKB solution to Eqs. (1) , write



















































+HQ = 0 ; (4)
where we have regarded that HQ is the order of h and ignored the terms in the
order of h2 . The equation (3) is the Hamilton-Jacobi equation for the grav-
ity coupled with a background scalar eld, and S0 is the Hamilton’s principal
function.
Let us write the solution  of Eq. (4) as 0 , when there is not the quantum






























= 0 : (5)
Now we write
Ψ(a; B; Q) = 0(a; B) e
i
h
S0(a;B)  (a; B; Q) : (6)

















+HQ = 0 : (7)















= 1 ; (8)
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= HQ : (9)
This is a Schro¨dinger equation, so TW is a semiclassical time variable in the WKB
approximation:[2]−[13]
As in Ref. [17] Eqs. (3),(5),(8) can be solved by the separation of variables,
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
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where a = 1; ev = 4v2n=16G , W (B) is any function of B and ; γ; ; c are
arbitrary constants. We can identify  as the momentum of B .
This WKB time TW is very natural as a semiclassical time variable in the
region where the WKB approximation is well justied :[11]−[13] However, this for-
malism crucially depends on the assumption that the wave function has the WKB
form (2) . How can we dene a time variable, if a wave function Ψ is a superpo-
sition of the WKB form wave functions, for example, Ψ is the following Gaussian
wave packet?
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where 0 and  are arbitrary constants, 0(); S0() are given in Eqs. (10) -
(12), and  =  (a; B; Q) is a wave function for the quantum matter eld Q .
Note that, in the limit  ! 0 , Ψ0 becomes identical to ΨWKB0 .
First let us try to trace the formalism of the WKB time and to dene a time
variable for the wave packet. Substituting Eqs. (15), (16) to Ees. (1) and using

























= 0 ; (17)




























At a glance this seems a Schro¨dinger equation with a time TS . However, TS can
not be a real variable in general. Therefore it is dicult to dene a time variable
in this way.
3 Phase Time
Next let us introduce a background phase time TP . We write the background






where  and  are real, that is  and 
h
are the absolute value and the phase of Ψ0
















= 1 ; (21)
we can obtain a real time variable TP .
However, the problem is whether an expected dynamical equation that is a
Schro¨dinger equation for Q with respect to TP can be derived or not. Note that
our background phase time TP is a little dierent from the phase time which is
proportional to the Ehrenfest time TE :[14]−[16] The latter phase time should be
dened by the all over phase of a solution Ψ to the Wheeler-DeWitt equation and
depend on not only background elds a; B but also the quantum matter eld Q
. Before we examine the Schro¨dinger equation, let us calculate TP explicitly and
compare it with TW .




f() = ’() +
i
h




2n + 2) ;
where the last equation means 0 = ce’ . If we assume that A() has a narrow
peak at 0 , namely  is small, then S0 and ’ can be expanded around 0 .












where f means f(0) and prime means a partial derivative with respect to 
namely f 0 = @f
@
(0) .
Suppose we assume 2 is small enough to satisfy
1 2jf 00j (24)










Let us consider the case when the size a of the universe is large enough to
satisfy following conditions,
jS 000 j  j’
0S 00j ; (26)
S 020  h
2j’02 + ’00j : (27)
Detailed estimation of these conditions is given in the appendix. In this case 










 = S0(0) +
2
2
S 000 (0) ; (29)
where we have ignored higher order innitesimals.
At this stage it is interesting to mention a relation between the trace of the










according to the Hamilton-Jacobi theory. Since the parameter  is additional
and can be absorbed by  , we can set as
S 00 = 0 (31)
in this case. The peak of the wave function is obtainable from Eq. (28) . If
we take the lowest order WKB approximation, we arrive at the classical path
equation (31) by setting S 00(0) = 0 as a peak of the amplitude  .



















= 1 ; (32)
and this can be solved by the separation of variables. After some calculation the

















(IP1 − vnIP2) +
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where P (B) is an arbitrary function of B;  is any constant in the separation of
variables, 1 =
q
eva2n + 20; 2 =
q









4 + 8220 ev)=4
2
0 , and we have assumed  > 0 . We nd
from Eqs. (13),(14) and (33),(34) that, when  in Eqs. (13),(14) is replaced by
0,  =  , W = P and  ! 0, TP becomes equal to TW , which may be expected
from the fact that Ψ0 becomes identical to ΨWKB0 when  ! 0 .
4 Schro¨dinger Equation
We will now examine a Schro¨dinger equation for Q . Suppose we substitute Eq.




































+HQ = 0 ; (35)
where we have used the WKB approximation for the background wave function,













































































































S 00 : (37)







eva2n + 20 − 0q
eva2n + 20 + 0
































The WKB approximation for the background wave function is estimated in





















Next let us examine the condition that the 2-term in Fa can be neglected
than the rst term in @
@TP







and this means when a is large as in (A4)
heva
2n  2j0j 
− a0ncnpevan + B
 ; (42)





















Here we have used the denition of lP and lH in the appendix. Unless jBj is
























Finally consider the condition
hj0j  
2jS 00j ; (45)
so that we can neglect F compared to the last term in
@
@TP
. Suppose a is large
as in (A4), the relation (45) means
hj0j  
2
− a0ncnpevan + B
 : (46)





, which is satised
in the region of (A7). When jBj is not small as in (A10), we need
hj0j  
2jBj : (47)
This is consistent with (A10) in the region of (A7).
If a is large enough to satisfy (A4) - (A7), (A11), (A14), (43) and (44) and
if jBj is small enough to satisfy (47), Fa; F can be neglected than @@TP . In the
case when the WKB approximation for the total wave function with  is well
justied, the last terms in the rst equation of (36) can be also neglected, and




’ HQ : (48)
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5 Summary
We considered a wave packet in quantum cosmology that is a superposition of the
WKB wave functions, each of which has a denite momentum of a background
scalar eld B . We showed that it is seriously dicult to trace the formalism
of the WKB time and to dene a time variable for the Schro¨dinger equation
of a quantum matter eld Q without introducing a complex value for a time.
Then we introduced a background phase time TP which is real and calculated
its explicit expression when a is large and  is small. It has been shown that
TP is a smooth extension of TW which is derived by a WKB form wave function
and they become identical in the narrow limit of the wave packet. We found
that, when a quantum matter eld Q is coupled to the system, an approximate
Schro¨dinger equation for Q holds with respect to TP in a region where the size
a of the universe is large and jBj is small.
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Appendix : Estimation of Approximations















where  is a cosmological constant and LQ is a Lagrangian density for Q . This
action yields the Wheeler-DeWitt equation (1). >From Eq. (A1) we can see




2 , where l has a dimension




2 , and  and  have
the same dimension. In our model the Planck length and the Hubble length are
dened as lP = (Gh)
1
n−1 and lH =
1p
^
, ^ = 2
n(n−1)














Now let us begin to estimate approximations used in x2 and x3. In order for














= 0 when γ = 0 , the second condition in (A2) is satised automatically.









































So this condition is necessary for the WKB approximation.
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Second we consider the neglect of the higher terms than ( − 0)2 in the
expansion of f() . This requires jf 00(0)( − 0)2j  jf 000(0)( − 0)3j when
j− 0j
<
  . This condition is satised when f 00(0)f 000(0)
 j− 0j ’  ;





















Here we have used Eqs. (22) and (38).
Next let us examine the condition (24). In the case of (A4) we obtain from
Eqs. (22) and (38) that 2jf 00j ’ 
2
h



























− a0ncnpevan + B
 : (A8)

























0@ j0jjBjh ln−1P lH
vn
1A 1n : (A11)
In the case of (A4) the condition (27) requires− a0ncnpevan + B
 hpevan : (A12)
14


























Since vnan is the spatial volume of our model, (A5) may be satised in the
semiclassical region. If  is small and j0jp
h
is bigger than l
n−1
2
p as in (A13) but
is not too big, (A4),(A6) and (A7) do not impose too severe restriction on a .
When jBjj0j ’ h , which is allowed by the uncertainty principle, the conditions
(A11) and (A14) are equivalent to (A5) and (A4), respectively. So we can think
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